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17.1 Introduction

Subclassification : Blocking or Stratification

1 Propensity Score(PS) : A class of functions of the covariates

2 Estimating casual effects that relies on Subclassification
‚ The sample is partitioned into subclasses based on PS
‚ Within the Subclasses, the estimated PS are almost constant
‚ Estimate causal effect, as if assignment is completely at

random within subclass

3 Implementation of Subclassification
‚ The choice of the number of blocks and boundary values

4 The bias reduction
‚ Because blocking cannot eliminate all biases
‚ Regression or model-based adjustments can improve the

precision of estimators for causal effects
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17.2 Lottery Data(1/2)

Data : Full-Sample and Trimmed Sample

ⅰ. (Table 17.1) Normalized Differences
‚ Designed to improve the overlap by dropping units

ⅱ. (Table 17.2) Dropping units with PS outside the interval
‚ Small/Large estimated PS-values are dropped
‚ Trimming improves the covariate balance
‚ Trimmed sample with 323 units out of 496 full samples

ⅲ. (Table 17.3) Estimates of PS in trimmed sample
‚ Selecting linear and second-order terms(In Ch.13)
‚ The estimated PS : for the purpose of subclassification
‚ Fewer terms for the specification of the PS after trimming
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17.2 Lottery Data(2/2)

Data : Full-Sample and Trimmed Sample
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17.3. Subclassification on the PS and Bias Reduction(1/2)

<Subclassification>

‚ Partition the range of the PS into J blocks

- Bi pjq “

#

1 : i f bj´1 ď êpXi q ă bj

0 : otherwise

- Within an interval pbj´1, bj s, they have identical PS.
- Ncpjq “

řN
i“1 p1´Wi q ˚ Bi pjq, Ntpjq “

řN
i“1 pWi q ˚ Bi pjq

- qpjq “
Npjq
N pj “ 1, 2, , , , Jq

‚ Aseess the adequacy of the current number of blocks

- For each stratum, a t-statistic for the null hypothesis :
the average value of the estimated linearized PS is the same
in that stratum

- Check if the strata is adequately balanced by 3 parameters
→ tmax “ 1.96, Nmin,1 “ 3, Nmin,2 “ K ` 2
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17.3. Subclassification on the PS and Bias Reduction(2/2)

<Subclassification Estimator for the Average Treatment Effect>

‚ (Blocking estimator) τ̂dif pjq “ Ȳt
obs

pjq ´ Ȳc
obs

pjq , where

- Ȳt
obs

pjq “ 1
Ntpjq

řN
i“1Wi ˚ Bi pjq ˚ Y obsi

- Ȳc
obs

pjq “ 1
Nc pjq

řN
i“1 p1´Wi q ˚ Bi pjq ˚ Y obsi

☞ τ̂ strat “
řJ
j“1 qpjq ˚ τ̂dif pjq, weighted by relative block sizes

‚ Assess the adequacy of the current number of blocks
- For each stratum, a t-statistic for the null hypothesis : the

average value of the estimated linearized PS is the same in
that stratum

- Check if the strata is adequately balanced by 3 parameters
→ tmax “ 1.96, Nmin,1 “ 3, Nmin,2 “ K ` 2
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17.4 Subclassification and the Lottery data

<Determine the number of subclasses by cutoff values>

‚ Cutoff Values : tmax “ 1.96, Nmin,1 “ 3, Nmin,2 “ K ` 2

- γk “

řJ
j“1 qpjq˚pX̄t,k pjq´X̄c,k pjqq

X̄t,k´X̄c,k

- X̄t,kpjq : (k)th elements of X̄tpjq
- γk : ratio of the bias reduction from the subclassification
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17.7. Average Treatment Effects for the Lottery data

<The estimates of the overall treatment effect on earning>

‚ The algorithm for choosing the number of blocks
led to 5 blocks

‚ Both trimming and subclassification reduce the sensitivity
to the inclusion of covariates in the regression specification

‚ Lead to more credible estimates of casual effects
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17.9. Conclusion

‚ Subclassification estimator for ATE under unconfoundedness

- Use Propensity-Score to construct strata within which
the covariates are well balanced

- In settings, trim the units as PS values close to zero or one
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17.5. Additional Bias Reduction

The simple subclassification estimator for ATE

1 τ̂ strat =
řJ
j“1rqpjq ˚ τ̂dif pjqs, where τ̂dif pjq “ Yt

obs
pjq ´ Yc

obs
pjq

‚ Y obsi “ αpjq ` τpjq ˚Wi ` ϵi (17.2)
☞ (17.2) does not eliminate all correlations within blocks

‚ Y obsi “ αpjq ` τpjq ˚Wi `Xi ˚ βpjq ` ϵi (17.3)
☞ (17.3) : The inclusion of the covariates aims to improve precision

2 Analysis estimates the ATE within the blocks by linear regression

‚
`

α̂pjq, τ̂adj pjq, β̂pjq
˘

=
argmin
α,τ,β

řN
i“1Bi pjqpY obsi ´ α´ τ ˚Wi ´Xiβq2 (17.4)

3 Within block least squares estimates, τ̂adjpjq are averaged
‚ τ̂ strat,adj “

řJ
j“1 qpjq ¨ τ̂adjpjq
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17.6. Neymanian Inference(1/3)

The sampling variance of τ̂dif pjq is

1 V pτ̂dif pjqq “
Sc pjq2

Nc pjq
`
Stpjq2

Ntpjq
´
Sctpjq2

Npjq

- Scpjq2 “ 1
Npjq´1

řN
i“1Bi pjqpYi p0q ´ Y p0, jqq2

- Stpjq2 “ 1
Npjq´1

řN
i“1Bi pjqpYi p1q ´ Y p1, jqq2

- Sctpjq2 “ 1
N´1

řN
i“1Bi pjqpYi p1q ´ Yi p0q ´ τpjqq2

2 V̂ pτ̂dif pjqq

= 1
Nc pjqpNc pjq´1q

ř

i :Wi“0
Bi pjqpY obsi ´ Y obsc pjqq2 `

1
NtpjqpNtpjq´1q

ř

i :Wi“1
Bi pjqpY obsi ´ Y obst pjqq2

3 V̂ pτ̂ stratq “
řJ
j“1 V̂ pτ̂dif pjqqqpjq2 “ V̂ pτ̂dif pjqqp

Npjq
N q2
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17.6. Neymanian Inference(2/3)

Further covariance adjustment to reduce the remaining bias

‚ pα̂pjq, τ̂adjpjq, β̂pjqq be the ordinary least squares estimates in
(17.4)

- ∆̂pjq “ 1
Npjq

řN
i“1Bi pjq

¨

˚

˝

1 Wi X́i

Wi Wi X́i

Xi X́i

˛

‹

‚

- ˆΓpjq “
1
Npjq

řN
i“1 BipjqpYi ´ α̂pjq ´ τ̂ adjpjqWi ´ β̂pjqX̀iq

2

¨

˚

˝

1 Wi X́i

Wi Wi X́i

Xi X́i

˛

‹

‚

‚ V̂ pτ̂adjqpjq “ 1
Npjq

`

Γ̂pjq∆̂pjq´1Γ̂pjq
˘´1

p2,2q

‚ V̂ pτ̂ strat,adjq “
řJ
i“1 V̂ pτ̂adjpjqqqpjq2 (17.5)
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17.6. Neymanian Inference(3/3)
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17.8. Weighting Estimators and Subclassification(1/4)

Weighting Estimators
- Subclassification estimator & Horbitz-Thomson estimator
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17.8. Weighting Estimators and Subclassification(2/4)

Weighting Estimators

‚ E
”

Wi ¨Yi p1q
epXi q

ı

“ Esp rEsp rYip1q | Xi ss “ Esp rYip1qs (17.6)

‚ Equation (17.6) suggest estimating E rYip1qs and E rYip0qs as

{Esp rYip1qs “
1

N

N
ÿ

i“1

Wi ¨ Y obsi
e pXiq

and estimating the average treatment effect
τsp “ Esp rYip1q ´ Yip0qs as a HorvitzThompson estimator,

τ̃ht “
1

N

N
ÿ

i“1

ˆ

Wi ¨ Y obsi
e pXiq

´
p1´Wiq ¨ Y obsi
1´ e pXiq

˙
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17.8. Weighting Estimators and Subclassification(3/4)

Weighting Estimators
We rarely know the PS, so using the estimated propensity score ê pXi q,

τ̂ht “

N
ÿ

i“1

Wi ¨ Y obsi
ê pXi q

{

N
ÿ

i“1

Wi
ê pXi q

´

N
ÿ

i“1

p1´Wi q ¨ Y obsi
1´ ê pXi q

{

N
ÿ

i“1

1´Wi
1´ ê pXi q

.

- Normalizing the weights to one imporves the MSE of the estimator
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17.8. Weighting Estimators and Subclassification(4/4)

Subclassification estimator VS the Horvitz-Thompson
estimator

- As the propensity score is in the denominator of the weights :
Horbitz-Thompson Estimator (Bias)

- Smaller estimated Sampling Variance in Subclassification
estimator Relative merits of the Subclassification Estimator
because of MSE “ bias2 ` var
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